Introduction.
In this paper we show that there is essentially only one way of arranging 240 (resp. 196560) nonoverlapping unit spheres in R 8 (resp. R 24 ) so that they all touch another unit sphere, and only one way of arranging 56 (resp. 4600) spheres in R 8 (resp. R 24 ) so that they all touch two further, touching spheres. The following tight spherical ^-designs are unique: the 5-design in fi 7 , the 7-designs in fi 8 and 12 2 3, and the 11-design in 12 2 4. It was shown in [20] that the maximum number of nonoverlapping unit spheres in R 8 (resp. R 24 ) that can touch another unit sphere is 240 (resp. 196560). Arrangements of spheres meeting these bounds can be obtained from the E 8 and Leech lattices, respectively. The present paper shows that these are the only arrangements meeting these bounds. In [2] , [3] , it was shown that there are no tight spherical tdesigns for t ^ 8 except for the tight 11-design in fi 2 4-The present paper shows that this and three other tight /-designs are also unique. There is already a considerable body of literature concerning the uniqueness of these lattices and their associated codes and groups ( [5] , [6] , [8] , [11] , [13] , [17] - [19] , [21] , [22] , [27] , [28] ). However the results given here are believed to be new.
Our notation is that fl n denotes the unit sphere in K n and (,) is the usual inner product. An (n, M, s) spherical code is a subset C of ti n of size M such that (u, v) ^ 5 for all u, v £ C, u ^ v.
Examples of spherical codes may be obtained from sphere packings ( [15] , [25] ) via the following theorem, whose elementary proof is omitted. THEOREM 
In a packing of unit spheres in
Example 2. In the E 8 lattice packing in R 8 there are 240 spheres touching each sphere, 56 that touch each pair of touching spheres, 27 that touch each triple of mutually touching spheres, and so on. From Theorem 1 the centers of these sets of spheres give rise to (8, 240, 1/2), (7, 56, 1/3), (6, 27, 1/4), (5, 16, 1/5), (4, 10, 1/6) and (3, 6, 1/7) spherical codes. Example 3. Similarly the Leech lattice in R 24 ([5] ,' [14] , [16] , [26] ) gives rise to (24, 196560 If C is an (n, M, s) spherical code and u Ç C the distance distribution of C with respect to u is the set of numbers {A t (u), -1 ^ / ^ 1}, where
and the distance distribution of C is the set of numbers {A t , -1 ^ t ^ 1}, where 
where P^(^) = P^^-^^-^-^/^x) is a Jacobi polynomial in the notation of [1, Chapter 2] . For a proof of the last inequality see [9] , [12] , [16] or [20] . For a specified value of 5 an upper bound to M is therefore given by the following linear programming problem.
(PI) Choose {A t , -1 ^ t ^ s} so as to maximize Z A t -l^tès subject to the inequalities
...
-IS tés
The dual problem may be stated as follows (compare the argument in Since any feasible solution to the dual problem is an upper bound to the optimal solution of the primal problem, we have
for any polynomial /(/) satisfying (2) (2) and (3) 
Proof. Let {^4^} be the distance distribution of C. Then {^4,} is an optimal solution to the primal problem (PI), and the polynomial/(/) in (5) is an optimal solution to the dual problem (P2). The dual variables /1, . . . ,/ 6 are nonzero, so by the theorem of complementary slackness [23] the primal constraints (1) must hold with equality for k = 1, . . . , 6.
The dual constraints (3) do not hold with equality except for t = -1, zbl/2 and 0. Therefore the primal variables must vanish everywhere except perhaps for A-\, A±i /2 and A 0 . From (1) these numbers satisfy the equations (7) A^Pti-1) The unique solution is (9) A-X = 1, 4_ 1/2 = Ai/a = 56, Ao = 126.
Since 4_i(u) ^ 1 and A-i = 1, we have 4_i(u) = 1 for all u £ C, and so the code is antipodal [9, p. 373] . Therefore (7) 
Czix) = 160(x + \)x(x -\).
Thus all the A t are zero except perhaps for A ±u ^±1/2 and A 0 . From [9, Theorem 5.5] Eq. (7) holds for k = 1, 2, . . . , 7. The rest of the proof is the same as for Theorem 5.
In Example 2 we saw that the minimal vectors in the E 8 lattice form an (8, Proof. From Theorem 6 the possible inner products in C are 0, dbl/2, ±1. Let C = {ill, ... , u?4o| and let L be the lattice in R 8 consisting of the vectors
240
Then L is an even integral lattice (cf. [19] ). All such lattices have been classified (see [13] , [19] ), and are direct sums of the lattices A n (n ^ 1), D n (n ^ 4) and E n (n = 6, 7, 8). The only lattice of this type with at least 240 minimal vectors is E 8 , so L is isometric to E 8 and C is isometric to the minimal vectors in E&. Proof. The proof here is parallel to the proof of Theorem 4, using the polynomial
jit) = (t + i)(t + i/3y(t-
i/3). 
Conversely (b) implies (a), (c), (d) and (e).
Proof. The proof is parallel to the proofs of Theorems 5 and 6.
For example the (7, 56, 1/3) code given in Example 2 has properties (a)-(e). Conversely we have: THEOREM 11. If C is a tight spherical 5-design in 12 7 there is an orthogonal transformation mapping C onto the (7, 56, 1/3) code obtained from the E 8 lattice.
Proof. Let C consist of the points 11.1, . . . , u 5 6 lying on a unit sphere R 7 centered at P. Choose a point O (in R 8 ) so that 4 u,-OP = 7r/3 for all i, and thus cos 4 u^Oii; = (1 + 3 cos 2,11^11^/4 for all i, j. Let v be a unit vector along OP (see Fig. 1 Proof. The proof here is parallel to those of Theorems 5 and 6.
In Example 3 we saw that the minimal vectors in the Leech lattice when suitably scaled form a (24, 196560 24 there is an orthogonal transformation mapping C onto |A 4 .
Proof. From Theorem 14 the distance distribution of C with respect to any u G C is given by (11) , and in particular the inner products in C are 0, ±J, =fc|, ±1. Let C = fui, u 2 , . . . , Ui 96 56o}, and let L be the lattice in R 24 The right hand side of (14) can be evaluated from Proof. As in the proof of Theorem 11 we embed C = {lli, . . . , u 46 oo} in R 24 , choosing 0 so that % u,OP = TT/3 for all i (cf. Fig. 1 ). Then cos £u,Ou; 6 {-è, 0, i,è, 1}.
Let L be the even integral lattice in R 24 spanned by the vectors \/3 Ou*. For convenience we set U t = V^Ou*. 
